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SANKHYA: THE IND1&'i JOURNAL Of STATIBTICS: SAl. A

d08ell of rldiation on uranium mine worken. AlJo. u in theee eump1el, 011. mi8ht
have to wait many)·eare (or the I'NUJta of an ozperiment while relev..nt obeerv..tion..t
data might be at band. Hence, although inferior to U1 equivalent ezperiQlent, an
obMrv&tion&1 8tudy m..y be auperiOl' to or uaeful in conjunction with A marginally
relevant ezpenment (e.g. one on the long-tMm eff'eotI of radiation on white ray).
In addition, the analysis of data from oheerY..tional .tudiel C&Il be u.eful in iaol..ting
thOle treatment. th..t ..ppe.... to be aUC08IIful ..nd thul worth further investigation by
experimtmtation, as when Itudying apeei..l teaching methode for underprivileaed
children.

In d-.liDg with the preeenoe of oonfoundiDI ..nab_, a bamc ltep in plaDning
U1 oble"..tional dudy iI to 1iat tbe m..jor aoofoundiJll variables, de-ign the study
to record them, and find lOme method of relDOYiJlI Ot reduoiq the bi... that they
mal'" c..uae. ID addition, it i. uaeful to epeou1&te about the .i.. and direction of &I1y
remaininc biM when aummariling the evidenoe OD any dift'erential effecta of the
treatmenta .

There are t.wo pl'inoipal ewategiee for reducma bi.. in ob.ervatiooal atudiee.
In matchinc or m..tched aampling. the amp1ee &l'8 drawn from the populatiou in
such a. way that the diatriblltionl of the confounding v&ria.b1el are similar in .ame
reepectl in the amplet. Altern..tively. random I&mp1el may be drawn, the eetimata
of the treatment being adjuated by meaDI of .. model relating the dependent variable
y to the conlounding vari..ble z. When 11 and z are continuous, this model ullU&l1y
inyolvee th. regre.i01l of" on %. A third ItrateBY ia to C'Ontrol bi.. due to the z·vari
"bl. by both matched ..mpling and statistical adjuatment. Notioe that the .tati.ti
cal adju.tment is performed after all the data are collected, while matched sampling
can t&ke place before the dependent .&riable ie reClOrded.

This paper review. work on the effectiven.. of matching and stati8tiaal ad"
joatmentll in reducing hi.. in a dependent variable y and two popuJ..tiona Pl and P,
defined by espo.ure to two treatments. Here, the objective ia to eatimate the dif
ference CTa-T.) between the average effecta of the treatment. on 1/-

Seetion 2 reYie... work OD the ability of 1iDe&r regreeeion adjuatment and three
matching method. to reduoe the biu due to % in the limplen cue when both 11 and %

are continuous, there ..re paraUelline&r repellioDi in both populationa, and z i. the
only confounding variable. Section 3 eonaideft compJicatiollI to this. aimp1e cue ;
non-parallel regreeeiona, non-linear regNlliona. el'l"OrI of IDMIUI'ement in %, and the
effect of ltD omitted confounding vari..ble. Section" e%teDda the ..bove C&I8I to in
elude z cateaorica1 or made-categorical (e.g. low, medium, high). Section 5 preeentl
some multiyuiate % reeulte which ate limple generaliu.tioM of the uniyariate z results.
Section 6 CODeidel'll aome multivariate edeMions of matching method.. A brief
summary of the reeulte and indi_tiODs for further reeearoh aN given in Section 7.

il8
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CONTROLLING BIAS IN OMDVATIONAL S'ttTDtES ; A BZV1BW

In preMlDq reeu.ltl on the pGI'CCIlt red..... iu biM b' z aonuJ (T.ble
2.3.1), we ban tUen

C- Gv1i4+CJl)ji

when CI - 0.J(0.1)1.0. Striotl,. tbe rMalt. hold fOIl' B < 0.' bll~ _ B bet,ween
O.'loDd I. the perc:eIlt reduo.... an ouJy UcNt 1 to 11% lower thaD the 6gaNe ""'n.

TABLB U,1. PBBC&1fT aBDUCTlOJl Dr BUS OF. lOa c.u.JPD
JUTOKDIO TO WITIIJl( *•.,.I(~+..-;i wrm • W0811AI.

• -tJ-I- • -tJ-t - 1 eN - I

0.1 ... .• ••

0 .•

0.'
0.'
1.0
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••
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••

A tiPt matahiDi (II .. 0.1) remonl~ aD tile bJu, while • IooIe IUtAhing
(II .. 1.0)~ around '7&%. TIIe'ratio~ hM • !D1n0l' etfeot. .atboagh per-
f«mr.D,oe fa __hat poorer .. """ laI:..... '

A diR4ft1ltaae of eIIiper rnWhIDc ill pnotIoal .... tIIa. UDieII ,. • qaite
Iarp u.. 18 • 1lCIIl~ probabiBt1 that 10.... or.. deIINcl ...tobel ue not
fOaDd in the rl.11 ,air. NothiDI ..1Da to beJuwwa. abeNt tile diItft"batioD 01 the number
of .atoh_ foa:ad u • fuuoticm of r, II, (,,-,tl aM. crt/ot. We han DO\ iD....-tigated
theco~ot iDcompietema~ u ofteD ren1te in pnotiue. ThUll we have
no alp to gift the inYel&iptor in eRilll&tiug the NlerToir lise needed _ the prob
..ble peraeat IUC04III in ftucDn8 .atpw IDAtohei.

2.'. '?!8!"'" •••ira.,.. ",ate"'. TbiI ......Mp ....oidecl by • method,
(Rubin, 11'7"). in WidGh 111"" paJr matchee Me eMily fenDed by computer. The"
val..ofz from..pie 1 &Dd the"' .al..Imm.-.voil' Za.re .tend in $he computer.
In ODe ""'t of the~ ... __pie 1 ftl_ of s are ftm &n'UJIeCl in rmdoll\
~or from:en to Zt.. 8t.MtiiDI1ridl Su.... oomputer &1118 Sa iD ~oir
I n...... to tit, aDd .,. tIdI pair M6de. TIle GOIIlrna- DUt nil-
able' peduer far Zu flo. tbe (,.-1) l'aaiPinc in flP.... t. _ 10 OD, 10 thai"
JUtcM. are al1'.1- tbaDd alt!aoup the' Y&lu of. ia IlO& OOIltrolW. '

Two otbDr' variant.l of thiI cDeMIA aftiWtlll· method ...., uamined. In
theIe~ ~,..ben of••plel"..(i1" rIIIbd &om mp.t to 10'-, (ii)~ ,
'!&Dked'froDrtO,.,.t,to it.....bd.eilel'fi';".tobei froD{~ nmkediainiiJli;:~~t.~~i:
'II > 1.. IIoDte c.Jo reR1tlI with '" 1Ml~ID.f~OW'ed that for' the,..,.t~ ..
oin biu of (-1--'>. 'UI> 9.... > 9.£. If, how..,... tb8 Cluality of tlbe mate. ia_I

8



SA.~y1 : THE INDIAN JOtJRNAL or 8TATI8l'IC8; SDIM A

judged by the average MSE withiD pairs, E"(%ll-%!I)" the order of performance ....
opposite: MSEHI. < ~SE,." < M8EtH' Both.tII of relult. have rational espla
nationl. The differences in performanco were u.uaUy 8mall. 011 balance, random
ordering i,. reMonable compromiae .. weD &It quickest for the computer.

For random ordering, T"ble 2.•.1 shawl the percent reductions in hiM of
(~&-~I) .nd hence of (9.-i.) (or r .. 2,3,4, " - 25, 60 lLnd different combinatioDA
of the initial bias B and the ~/trI ra.tio. Reeultl for" = 100 (not shown) differ
by at mo.t one or two pereentage point. &om thoee for" = 50, IUUMting that the
" = 60 ruulte hold a1IIO for " > 10. With thie method, the percent recluation in
biu deare... atMdily ... the biu B Uloreuee from 1/' to I, eo that reaulte are gi.en
separatAtly for t·M four valu.. of B.

Aa reprd.t the effeot of e1f/crt. matGhing does beat wben ~/crl = t Mid want
when uUtrI = 2. ThU i, not surpriling. Since '71 > 'I_ the hiP valuee of ample
1 (the onea moat likely to e.uae reeidu.l biu) will receive 1.. biued partnere w_
0'1> uf.

The mv_tig.tor planning to uee 'oeanat avaiJa.ble' ma.tebiDg oan .,.tim••
B a.nd uflu: froID the initial d.t.ta on %. Knowing the va.lue of r, he can eetim.te
the expectfJd percent reductJon in biae under.A linear ~on from Table 2.•.1.

TABLE :!.•. l. PUCENT REDUCTION IN BIAS FOR &UrDOK OBl)D.
N:BARll:ST AVAILABLE JlATCBIKGl II NOlUlAL

fTf/vt - • af,,," - 1 af/V: '"" I

r'S= 1 1 3 1 1 1 3 1 1 a 1
:~ ;! ~ • i 4- .- !- j

3 It; ~.. 88 lIU 87 Itt 7" 01 sa 00 56 41t....
3 08H

!)If n 03 H 01 !Ie u 77 72 87 111

• ., 09 " lit liT DI jJ5 32 ... 81 78 70 08

i
2 " l.I~ 03 ltoIo· " 117 7' 119 60 G8 53 61

I 3 100 !KI " 1t7 H " 01 M 7D 75 lit 113
• 4 100 IOU IOU lf9 " \11 M 89 st III 75 71

_.- ------ ..-_.---.........--.--
A me...ure Iuaa al.o been oonatruoted (Rubin. 1973&) of the Dloee~or quality

of the individual p.ir matches. If pairing were entirely at random, we would have

8.(1:11-%"). - (uf+a'J)+C'Il-".>1
- (~+u:)(I+B'/!).

Con.Bequentl)· the quantity

1OOE",(;I;JI-~)./(e7f+ai)(1+B'/2)

411



(,'ONTBOLLING BIAS IN OB8EBVATIOlfAL fm7DIB8 : A. BBVIEW

........ the ...... .. r-uJtI vary IiWe with _, ably~ fbi' " - 10

.. awn iD Table t .•.I.

T48L1l 1.4.1. YALtJa OW lOU"".·~)lI(-t+"'(I+./I) PUB 1IUBBST
AV~ RAW1)(). OBDD KATOIIDIG WITJI ••08M41·

crtt-t - t
.,,.._ t

~-.

"a- I I a I 1 1 S I l' I S
i 'j .. 'i I '1 ""i 1 t

I 0 I a • I a a 11 , II 10 II

I 0 0 0 I 0 1 • • .1 • II II

~ 0 0 0 0 0 I I • a • • II

...tor crt/crt - t u.el B > l. I'IDdoa orderbtc aJftI pel qualitymaw..
In ..... the aomputer propam (.... 1..,.) fbr~ tile JUttAsW
,.. it ftl71l*dT. the 111......_ om tryna.&., JUch-Jow, azu:l1o,,-1dP ordwiac·
By e1WDiniac ~1-e.) ad Z(.v-'")''' ......~, lie .,. I8IMt nat appeM8

to him tile ...01 tile three~.

1.1. • ..-!!Ii.,. YOI'IIl un'''ip_ wIlo fa nat ..._eated ill pe.i1' matobiDc
aDd II OOI6IeDi""that the recr-l0D • u... & lD8Ul.matchfyt. metMd whlah GOD"tn_ OIl maJrJq '_,-Jl.1 ~a11 hu beea~ed (GreeD... 1813). TJlefoDowiDg
_pie OOll1p1lw metJlod hal beea iDYeGipt«I (RabiD, 1l'1li.). CaJoaJate fl. 8eIeo&t
lroa I'IeIl'VOir I. tile ...... tQ~ tJ.a .... well tbM(..+~fI II~ to
~. aDd .0 OIl UIltil _ baft be. .18Dtled. 1'01''' _ 10. Table 1.1.1 ..... the peroeai
reduotionI in btu ohWDed. .

'tABU: 1.1.1. PlULCB1ft RJII)UaTlOIf IX BL\I 1'0. JmAlf IIATCBDfO:
••ORIIAL

.",... -. CJf/frt- 1 ~-I

"a- t 1 a I I 1. S 1 1 I S I"i J 6 "i J i i i 'i

t 100 100 .. If lao • II ,., lot .. It G7

I lao 101 1.01 100 100 100 It .... 100 100 .., ..
, 100 100 100 100 100 100 100 I. 100 I. ,.. tI

BSGflP'iu • few d;fIIenh; ...., J*riiou1M'ITB-1. thia metIYMI of mateh-
iDa !'emo... euctiially aU the baa: So,.. .. we bow. _ l8Idom'*, 'pl'MUmably it NlieI _TOy ........~ tMt J'W!!IiOll it
nu-r. With & monotaDe non-)Jae&r rep e 0C1l Of,OD.t " .up, IIpeOQ1Me that M-.n

JDMcblDs ehould~~ro.~ _ well .. a 1IneK rep••OIl aclJ1IIItment on~•..



... (3.1.2)

SANKRYA; THE INDIAN JOURNAL OF STATI8TICS: SDIBI A

samples. Bat with the re~reMiOft adjuatment, one can oKamine the relation. between
," and % in the two 'l&mpl~ hfofore tiecidinR whether a linear or non-linear rtpuion
a.djuJlfnu·nt is Appropriatt', whereas with mean matching performed before y hu been
obllCrved, one ill committ.d to the aMulIlption of linearity, At 1eA.,t when ma.tchinq tho
'l&mple!l

3. COIII'LlC",TrOK8

:U. R''1rtlMfnfl/ li7lear hid 710' pGrall". For i = 1, 2, the rnodel becom~

Yf! = 11,+Pc(Z'I-'1')+~fl' ... (3.1.1)

It folio.. that for a. given level of z,

R{('hl-!l!1)/r-a/- ~11 - r} = l't-I':-fla'h+P"I+(Pa-P.)z.

If thi, quantity ill interpreted ... meuuring the difference in the ~rrect8 of the two
treatmentl for given z, thil difference appcan to ha" a linear repeMion on .t. At
thi, point the question ari.. whether t\ differantial tt'eatmcnt etl'ect 'lith % ill R.reuon·
able interpretation or whether the (Pl-/l:) difference is a.t le&lt partly due to other
ch:tract~ri.tiCIJ(a,g., effect of omitted z-variables) in which the two population" difftof.
With lmlQpJes from two poPl1lations treated ditTercntly, we do not lK"e how this qnes
tion clln be settled on etati,tical evidence alone. With one .tudy population PI and
two control populations PI' Pi both subject to Ta, iIo ftnding that PI t\nd ~i agree
clollely but differ from St lean. in favour of 8uggoating a differential effect of (T1- TI)'

A. it happena, 3Slummg ~ is the only confounding variable, this ilJ6ue becomes
Ie. crucial if the. goal is to estimate the lI.vf!l'&ge (Ta-Tt) differenet' over population 1
From (3.1.2) this quantity is --

E1(Ta-'T!) - (/'1-/lt)-fJ.('Il-tl,)·

~jnce from random lmmplt!'l,

Er/.Yt-9,) = 1'1-I'.,
the initial hia!t i:ol 11,(711-1/:). With Manrlel' matched to" rAndom ~ll

E".(9a- Y!) = Itl -/£! - PtE,,(~,)+fI~7J'l'

!SO thAt t h(' r{'(iu('tioll in bias iK

... (3.1.3)

... (3.1.4)

Heu('t' the l>enwnt reduotion in biaa due t~ matchinR rem&inll, :\3 before,

tOO(E",(r.)-fl.J/('I-flt)

Be) that previo\1!'l !'('Sulta for 'ma.tching a.pply to non-parallellinf'S .1Iso "'ith this ('~timand,

A, 'fCRard" r~.ion lldjuetment, it follows from (3.1.3) and (3.1..) t,hat

8,[(9.- gl) -S.(Zl-~I)J= (/'a-II,)-tJ.('11-11,) = 8 t ('7'1-'7'.)·

faf

_----------l
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'OaaIeqaeatly, in applyiDi toM ~n adjutmen' to r'IIldom IUDplel,
1IJe of the NIIewIon coeftlcient oaloulated from pIe J pI'OYideIu unbi&lecl eftA-
mate of the deIired .1(1'1-Ttl. ThJI property DOtecl by P.Mn (1161), .biIe
...(ltll) recommeadecl the Me of-. in oompuinc unen.. (P,) wi~DOQ-1i.t.enen
(P.> to .. BBC "ilion pI'OIr&Dl deeipecl to teuh ""'111 JlreDch wordII and phruee
to proIPeOtiiw to1IIinI.

- With .c,(T,-.,., loa the objeoti.~o. ~ ItADdard ... of the pooled ,. in the
1.11PoD adj.tment. pw. biMed aU...... thouP .biD (19'J0) hM .bown tkt
'MU_ avrJlable' matGhiDg followed by NpeIIion adjutment P'M'Iy NW* WI
biM. Witola matched lamp•• the lItADdMd IIthMte of 1, fblIowiDI the &1\&1)8
of OOftri&noe ill .. ~wo·wa1 toM., iI _•• the ...ple ... ! I.ion of m.tched I*r dift'er
enoeI, <11,-',,) on (~-2:,,). Curio,,"'. the Monte Carlo oomputaaioDa mow that
... of" Oft m.tohed -.mplee 118l'forma beUer than "18 of ,. ill tIlii oue.

If nou-paralloliem iI interpreted. .. due to .. (7',-7',' ditrennoe vuylDc liDearly
with ~. tJIe qUlltion whet.her "1(1'1-1''> ill the quantity to eItiaaate deicnes aenolll
COIIIIIcIention. To tab .. putiIoe IOlDetim. followed ill Yit&l ltatiltiol. We uaiP~

wiIh to ....m&te ("l~"'> avenced 0.- .. -.nd&rd. populAtion. that h.. IIleul ,. dif·
..... Irom ,. aDd. ,.. The .tlmlW1d bttooillea. fIom (1.1.1)

Prom random lamp_, an llntna.d!¥ Mion _mate ia

... (3.1.5)

when I, and h. are the umal lean ..... ettimatee from the .....te resrellrionl
in the two ....p...

Abel'DMively. partoiouJ&rl, if'" and " differ 1l1"'tW1,.. no linlle avenge
of (1',-"" ma7 be of iIlt.enA. Ina'rather the .aIuee of (T,-T,) at MOb of • raD&8 of
v&lu.ee of z. AI a guide in forming a jucla'ement whether UI8 or a IiqIe a.... dif·
ferenoe UJ adequate r. pnotiaal applioat.ion. Bubin (1"'0) hu wgeated the following.
&appa.e tu.t in the nap of jll-.t, 2: Ii. between :1#£ ud %". From (3.1.2) the
estimated~ in (T1-Ttl M ... two extreme8 ill

(3.1.8)

,
(gl-jtl+'l(--2J--.c.-• ., where 1-(:1£+:11.)/1. (3.1.7)

TU ratio 01(1.1.8) to (3.1.7) pond. eome guidance on the pI'OpOI'tional error in uaiug
-ptr tbia ..... cti........
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If it i. decided not to WIe the annge difference, the difJ'erencei (TL-T.) for
speeiJied % can be estimated by IItanetard methodJ (rom the wpuate ~one of
y On z in the t....o samples.

To eXAmine the relation between (T1-T,) and z from pair-matched 861DpJeI,
it ie natural to look at the re~on of ('aI-Yal) on 2., =- (%1J+r~)J2. Hawn..,
from the models (3.1.1) it turn. out tbat

E{(Yl'-YaI)"\z,- z} - (P1-1'z)-{Jlfll+fJl,.+(IJ,-/l~.J+(IJL+IJI)B(tl,lz., =t z)

....here Ils = (ztJ-ztl)/2. With fl1 ~ fl. or af ~ vi, it appean that E(d, J~.s .. z) =F- 0,
lJO that this method doee Dot eltimate the relation (8.1.2) without biu. The biu ehOtlld
be unimportant with tight matching, but would require Monte Carlo iD.-tilation..;

3.2. RegreNiof& MJI-Ii.ea1'. Q)mp&l'iloD of the performance of pair-matchiDl
with linear' regre.ioD adjutment i, of great intere.t here, linae thil i8 the eituatioD
in .hioh, intuitiftly, pair.matchin. may be espeeted to be tuperior. U.. of both
.-pons-linear regr.aion on matched II&mplee-i. a1Io relennt.

Konte Carlo comparilODI were made, (Rubio, 1913b), (or the monotonio nOD
linear functiona y = ei:'· Uld ei:- and the random older neareet ayailable matchiag
method deeoribed earlier in Section 2.'. In .uch studies it i, hard to (lODvey to the
rMder an idea of the amount of non-liD_rit, preeent. One meuure will be quotled.
For convenience, the K9Dte Carlo work w.. done with '1+,. = 0 and (~+ai)/2- 1.
Thus in the aver. population. % II N(O, 1). In thie popul&tion the percent 0{ the
variance of Y= ei:·· that is attributable to ita 'IiMflf' cOlDponent of regreaaion on z i.

l00alf(eol-l). For tJ = ± t, ± I, NIpflCtivel" 12% aod .1% of the variance of
11 are ftOI attributable to the linear eomponent. From th~ Tiewpoint, 11 =- e:t: ts micht
be called moderately and 11 = ,*s markedly non-Un.,.

With rCgreMion adjustments on random S&n1plee, the regreeeion eodicient
used in the re-ulta presented here i, ••, the pooled -witbin-samp_ MUmate. With
regression adju.tmeD~ on matched eamplee, the l'ftulta are Cor ,., &8 would be cune
mary in practice. Rubin (1973b) hat jny.ticated 1188 of Su ~•• ,. &nd S. in both
9ituation@. He found S. in the unmatched c.... and S. in t·he matched oue to be on
the ....hole the bett choicel.

The results were found to depend markecUy on t.he ratio crt/ai. Table
3.2.1 presenta percent red.uctiona in bias for crt/oi - 1, the lrimplelt aDd ~bly
the moat common cue. Linear rep1MIIion on random ampletl performs admirably,
with only a triftinS oYer-adjuetment for 11 = e±-. Matohing ill inferior, particularly
for B > t, even with a raervoit of size t. from ....hich to leek matches. LiDear
regreeeion on matched samplel does about &II well .. linear ~jon on ran· '1m
sampla. ReS\llb are for 71 = so.

Turning to the e&I8 17fJoi = i in ....hich better matches can be obtained;
. LOte 6nt that lineU'~on on random _mpl. giy. wildly erratic raulte ....hich
call for a. rational esplantotion, 80metiDlee markedly overcorreoti11g or even (with·..
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B - t tbr ..) peMlJ inans., tbl°ariliMl ....' JIatGhInc .... cIoeI .... CD ..

a...... abou... well u with a .... rel&tioD (Table 1.'.1)'"vfJcrI- ,. Liaeu'
NF-iaD 011 mMoIaecl _mp. ;. biPl1 e&cMiw............., ..... thaD ....·1.....

TAIIIoa "'.1. PDOBIIT lUIDVorJOII Df 8IA8 (D' .".,. - 1):
• JIOIUIAL

, I' .
...... _.. _._..... _6- I_.. ,..~ 1'" •..... , ".. r-- .. .... ... ..... .. ....-~ aao aao 101 101 ltl 101 I. 101

iii • • • .. I • 7t II • ..
• 10 It1 " 1M 1'1 • 71 -, M III If I. .. II If, lao

......
I .. •• lOt 101 I. IG1 1. .t,

I a. 101 100 101 •• I. I. 101

6, lOt 101 I. I. •• lao let I"

•
II

..

II. I' _-I
i

r .",. .... - ... -- ,... - ....
. Itt '0' IN 'M 1• 1. 101 1.

I a .., ,., M • .. • II

I II .. • • 70 II .. 07

, 1'1 ... fI lQO 11 II .. ..
I .01 • 110 .ao 1" • III •
I •Ot .. 101 I." III 1. 1. 100

4. 101 ,100 101 I. •• •• 101 ..
................... 'm~· t_ ..............~
II '-. _,Obl , •

.. ... :r ~ 1lI,I.e t _ .... ~ ..... ().)•
..,.. .._--. ............... 01.........=•. "p d' "'.1__

-a.- . ..... ... (..~ .....:. • I -IAL 1 . 1.. I ~ " ............._, L..!__

~ua~.. . -.' ...-'1- ..... - -i'-J-.'.'-J' - - .-
iD. • ....... ... lh > ,.,. paMtiw. u.e .. d. ~, .....,. ~._ WI.......~ -1M'" mdttcC' Jr." - t,'" iIIitW ill PlIIi'i- IIIDD. ,

~ o••couut.t. .... IB% ....' ". Jr. B - ~, 1. till ....b'- .. J-.r'" tile OWl"

eon.._.1IIO' .. (170%0 lSI"".



SANkHY,l.; THE INDIAN JOURNAL 011' STATI8TtCS ~ SDIa A

With uf!vJ - 2 (Table 3.2.3), Haeu tegreM&OI1 alone perform. jllat ... errati-
c&1l)' as \Vith uT/oi - i, \he reeultl beinl in fact the ..me if,.· ia rep.t.ced by ,-...
AI ezpcctt'd from the rMuJt. in Section 2.3, 1l1atehing 410ne it poor. In ma.t c....,
regression on matcbed e&mplee is eatiafactory, except for f'ai1ure" with f:-.~ and f:-.
when B-1 or t"

TABU~ 3.:1.2. PUc£NT REDl:<.:TION IN DIAS 0)" !I

(<it/,,' - t. THE &\8IEB CM. FOR UTClIDIO); • NOIUUL

a- ! B I
t -I

~
,.

..- ....,. .. re ... .-- .. .-
• ttl '1 -lIN ta Itt 10 III 71

11 I 'I .. 1M 100 M II ei "3 II 100 101 100 II 100 H 100

• .. 100 lot 100 .. 100 &1 100

.RJI I lot lOG II 100 10J 100 1M 100

I 100 100 100 100 100 100 101 JOI

• 100 100 100 lGO 100 100 100 100

B- S 8-1

"'IIJMIaod r ... .-eII .. .- ..-....,. .. ....
R 111 M 170 .. II' M lit lot

M t II H 84 01 7. II .. H

3 17 100 It 100 H 88 80 G8

" at 100 t7 100 07 1" Wi 100

8M 2 1\13 " 11. 100 IN 99 III 00

3 100 Joo 101 100 .. .. 101 100

• 100 101 101 100 101 100 101 100

3.3. llffrtmon, panJlW '*' qtICIdnKic. Some further insight into the per
formanc. of th.""method. i. obt&illed by couid~ the model ."".

• Jfl - Tc+#2w+cktlt..,· ... (3.3.1)

It foUow. that

8,CI.-g.) = C1'l-Tt)+P(~-.!.)+cJ(If-")+I("-") ... (3.3.2)

where ff - 2: (Ztl-.!C}I/7I.. Hence the initial biu in random S&a1plee is, unoondi-
tionaJly, •

('Pt-'I.)fJJ+ cJe'l+'II)J+cJ(O'f-cr.)

00:0 ('l-'1~I+l(01-~)

d8

(3.3.3)

(3.3.4)
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u-.. ,...... J'DCIIIIT ammC7llO. Dr BIM 0.. ~ .
(..,.. ~ .. 'l'D IIAaDU CAD 10& IUttJa::J:MU" • JIOa¥4I.

a-~
1·--T...... r ",. ,... fII' ... .. .... fII' ....

• • - .-. 10 I. .,. -II • .. 111 U-II .. •• 10 111

I •
I_

ll-A c. .,. ., nl

• 'II ..w •. - 1 .. It .- I_
.. ~ • .t. .. , .. ,. .. ' . .' , ....... _. '-ttl . '" - .... -
u •• • .ft .. - .. ai~ 111 .

1" 1"1

I .. I • .-- I_
•• III W7

.. • •• M- .-:
I_

." 1M·,.61· . .. "

.. .. ,..
. ~.... . :. .

•
,II

,. . ,
., .'.. f ~. I' .,1 ; t: #:.... ~., ...., _.1.. , . •. ' . ~.1 . : .

, ",. ......... .... ",. .... fII' re

to la- II 110 • UI .- III

• • 71 .' II 11. " .1 •• II .. • • • 'II .' •
• • • a lao • " • "• 101 t. III II' 1_

" U'r 1M
,.' t :',.

, '.'I' 1. I. 111 lU III ... UI 106

• 111 101 111 .., lQ1 .. lJO 101

I

wbere withem... o,......ty we baft UIWDICl '1+" ... 0:

Bna tho. '1 > , .. it, > 0 (M appropda. fa&' the poIitive apDIMDtW fiIDafliaD)
(3.'.4) .... tJa&t if crt < at. toM·iDitfaI ... IIIIPt be IIUIl or ....~ft. no.
....y iDdiOlot.e why ..... en&tIo rew1. appel!lr in tM ,.,.... redutiGD ill ...with DOD

IaMfaDotiGu.

~ (a.3.1), the ....a;nj"l bJM ial ..................

('a-.-<-'>)f1+'C,.+A.<-,»)]+If-t-••C")}. .•• (l.a.6)

TIle eeooad .... IboaIcl be DIiDor it tb8 .~,..;. ~~~~. '1'JIe
W .. I1IgIIte that iil t.h1I oue .. ,...at niclutioa iD. .... IhoaId apprcuimate
that ·for pusDelliDeM rep.I." if 1"1' w...u. :r. aampIe. w tJ'f - crt - 1
.. , be tiM peraeIlt Ncluotibl ill w.. _ , u-r. J'maa (1.1••) &Del (S.I.I), tM
.--at rcdaotioD in biu tear , q..m... "orb .. appruimaW;r ..

-(100-9) ~ ['1-_.<-.>] - , [I--j(1- 1:')B).-



SANKKY1: TIlE DlDIAJf JOO'RNAL 01' trrATI8TICS: 8ax- A- ....... .. .. .... _...

F~ ~OD. adjuated IIt.imatM on rADdom lUI", B,"'.) may be
ezpreued ...

where ~ .... l:{:I:.J-.fc)'J" is the ...mp-Ie third moment. From (3.3.2) it folltnnt tha.t
the residual bi.. in the regreMion adjusted eltimate OD l'&Ddom ..mplea ill oondi·
tioD&1ly ,

.... 8c:[(ll-va}-P",e1-.fall-(T,-1''>

= '("~4)+'~2,~.Ial [~~,+~- ~~1:~1-'(2,-z.)(ia+~/(~+4)'

F~ .. eymmetl'io or near"ymmetrio diltribut.ioll of • ill both populatiODI the third
term beoomea. UDimportNlt. The fint two tenu gin

- ... ,_._. - i(;f:..,.)[f-(.1·....;2~i/(ef+..)j.. --

The &....-;.Tci~db~-;krP'r~~~.:nPl~"~·.di~,imeftti. thfn·
fore, for x symmetric ADd (~+at)/t - I,

- . '( ('1-'.>' )_._- .._- .- . &<-t-fJ'I) 1- r
.: : . t

Thia formula IUgeatI, U we fO\1l1d for e:t.., that with .. ltymmetric s toDd ~ - ai,
linear regreaeion adjustment in J'&I1dom _mpl••hould remove eaenti&lIy all the bias
when the relation between, and z O&D be appl'OEimated by a. quadratic funotion.
The further indication that with at tF CTI the reli.dual hiM is ,mailer abllolutely ...
'11-'1. increuee tOwardi 1 i, at 6nt ailht puuUng, but conaiatent, for example, with
the Monte Carlo resultl for ,.zn and eZ when a1/~ - 2 in Ta.ble 3.2.3.

To IIumllluize far the exponential and quadra.tio relationships; If it a.ppears
that err :;at ui IWd J: is symmetric (pointl that. C&D be checked from initial data. on
x) linear regreaeion adjustment on random Mmplea removel e.l1 or nearly aU the bial.
Ptoir matching alolie ill inferior. Gen.al1y, reszuaiOIl adiuetment on pair-matahed
'601plee is much the beet performer; ~though IOmetima failing in estreme cue•.
An explanation for thil result is givon in Rubin (1973b) but is not 'Summarized here
becaul!e it is quite invol.,ed. Further work on adjustment by quadratic regression,

on.other curvilinear re~t.ion•• ad on the cuee ~/qf ~ l, : would be informative.
. . . .; .....

~ore la~g th~ problem of non-line&r regneeiODl1 we indicate how the abo"e
reeulw-can"be extended to nOD-linear NIpOftl8 .urtaeea other than quadratic. Let

• ., ...,; -rc+'(S4I)+~1

where g(.) i. the regie.-ion ..maoe. Since P. may be written ... 1:1':(YCJ-jc)(~,-%dl
H

El:(:r'I-!'): t·he limit of S. in larp randoUll&mpl. i,
, 1

[COY1(Z;.,(~»+oov~(21, 1<*))]/£.,ar,(:.1)+""',(-=)]

.10
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..... ClCWc and nrc ..... the ..~ ........... IJa popQIi.tIoa t. .4iiiie •.
....... adjuted eaua.... in 1Iip NDdotD ••pIII 11M~f~'Mu" ~ ,

"lCf(l:})-••(g(e»-(,,-,J[ecw1<-' f{.)J+OOT.<e~ IC.»]/[_~)+_~U:h'.:':·. '.:;' .. '.:
TIdt qaanti.,. au be oaIeaIated~. tar.,~y dJRribIatioDl &DC1 rep..ticll
euf'&08I g(.). (...., nClnllAl dMtri~,u4 _,0.-*1 f( • )}. In additiaD, if, II
apuIded In a Ta7lor ...., tM nliduJ biM in n.Ddolll Cl' ..taW ..,.. may be
UI* !d In of. IDOID..at_ ofc in rv..l"'Om..matoW·....,..· . .

........,; it.••~..., ill z. In ........ ,we~~t',~.,~~,

:~::~i~:~~·:~~~t:'~~~~~~~
+tIII. whml1ltl1l aD trraI' of 1IIIIIUfeIDID'- .&I ta ........1 the aiOcw ~ ,... ". . .,

W-~~.,-..)+.. I"': '1 ~;';:•• : CI••.l)
. ' If.,.. .. t.t H.t~ ,,: '0 oJ .

11III tM .peDtecl hIM Sa (,,-,tl ba raadaaa "plllla ..~A,,"~~ :·.I·'W"·'\"

To em. ....... t.Mt .. III " Ja. tD allow (I) tiff aDd
~., to be oorreWed. ud (ti) _, to be a w.-t , with J.<..,) - 111 " o.
A diftlaalty __ at dU8 PJiDt..... udef' _i~"IIiI1Uil~'(tlcl~xli
......-, iIl. .. cmm popuJa.tba ad "(tItI) - 0), LiD6y (1M")~~ tM
NpiMioD of ,. OIl -., i8 DOt u..r __ tM aamulla' IaBotioII :o£.tIIe
,.., ill a m1ll~ of...of*- Z.,.. ~~....... aID' be top~
pondJna ooudJtIaM wh. the -." XII' are OOfrlla6ld. Par _PBaItY we .-Die that
... at.tmded aaaditioM Me I&tieW.

.••• i. ';'~. . ." .:.... .., 0:;· .• " \".,~•• - \ ,.'." .. f .. ·~· ,,\'~ .'~,~~

.. ' .'ne If--.r~ at, • .... f&l1iw.•• be writtlli '":i :., . .'.

rt,- ",+'C-.rtrc-..)+4 / J •. : ,i 'J~:

with B«, !sed - O. 'K.... from (i..•.l),.~. . .. :~:' .'.. : 'l~:'~:' .\~,.~ ..

'" ~ .. ~"'}'G"!_~-.%)'. .; .. :.. ' '..... ;:~ :;' "Ir~, ~.'
,.. '!'W"'y- " • • . . •.

'~.'~', 'I.~..•~': .. " •.w ... :. .·l'~ .-;,.···j; ..~~·~; .. f:t,;

. I: _ ...... .. .... i ~ ;

Um- ..(-.1:)< -~ we haft I" < Ill. the Ilope of·the 1~ lMiDI daaipe.t
tcnrvdI.-o. Tb8 .... ill~ 1.1 imply t.1Iat in nDdoDi '..pIII
matohed OD" & npalioD-adjueted MtlIma&e f,-f.---~--.>. ".....~ ...
IICI1*'eI ......... of the repelliaD of., 011· tlleJ'alJlbll ..,...... the Wti&l btu of

'1-" by tU~~

SiDoethe iDitW btu of It-"In nIIIdom -....pleI il1<,,-''>,.~~~.~~. _klB
., , . . • .~., .••'" J'"adjultec1"'mate" . ~ .. . '.. ,'. '" .. ~~.;. ...•. : .....,. ;" ,.• ' ..If .u.

(J-')('I·-• .,}-r<~;;..~·

The Jut. tenD OIl tile riIh' ... tJ.M.. bIUefl .n. ia....t.i om,·...·..
~oaal ~tributioD (+or ...... ). fb~'''''''',!liM! :~~~~...
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if che meuUftment bila it the .... ill bcnh populatiODa, III = II., UDder thia CODdi
tiOil the peraat reduotion ill biu due to the NplIIiOD adjuatmen& ia lOO"/P, With
the I&m. CODclition. the peR8nt reduction ill biu or ('1-ial due to matohing on ~ ia .
euily 18811 to be "

... (3.IU)

HeDGe, MlUlDiug % And z are the only CODlOUllcliDg Tari&ble.,

71-". - B(Y1/-YtI/ZtI = Ztlt Z~l -'tI) = ~-JlI)-P('l-"I)-"'("I-vZ)
""

ADd the initial biM in (ii-gal (rom random I&mplel i, now.
/1('1-::-'.>+)'("1-....)·

Similarly, the btu in (;1-") from UdIIplee m&tohed on % ia

P<'t-8 .(2:.»+,-{I'I-B.(r.».
~

... (3.a.!)
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qualitative cla_ at a match. Tbia method il aIIo UIed frequently when z i.e contin·
uous, e.g. ngp. We firlt divide the range of ape that are of intereet into, .y, speci.
fied 5·yeu cJaues .0-44, '5-49, etc. and reprd any two pencma in the .me age c_
at a match.

In .!!!atchin. to the sample from population I, Jet "11 be the number in aample
1 who raU in "iiiftth euoo1ale. From the reeervoir from population 2, lye eeek the
same numb@.r 11:1 = "11 in the j·th c.... The average matched-pair ditl'erenoe,
.tau (Iu-;Il)/"ia oC coune the difference (Ia-j.) between the two ma~hed aample
meanl, thia method beiDg .II-weighting. --- - --- --

With random samplel from the two popaJatioue, the alternative method of
adjuatment by lubc1ueification ,t.aIU by cJa.i(ying both eamplee into the reepeetive
etas... The numben "a" "II will now uaually dirter. Howe.., any weichted metD
t""CllI-;II), with I"" - I, will be subject only to the relidaal witbiD~_~
iDJOfar AI tbil % is oon'*'fted. In praotiae. dift'enmt ohoi.. of the weight. '" haft
6een uled. e.g. IOmetimee !!iIht. direeted at miDimiaiq the vvianoe of the wei,hted
difference. For compaNon with matching we &Mume the weight. WI - fIU/""

'-'-_... """""--=

•. 1. Ptr/arma7lce oj 1M Itw ",dMd,. If 1&111pie 1 and reeervoir 2 or .mple
2 are randoln eamplee from their retpeati.•• popuJatiOI1l. u we have been &88Uming
throughout, the "11, "II who tum up in the final sample are a random sample from
thoee in their population who faU in cl.. j under either method·mI.tohing or a.djuat.
meat. C'4n.quently, with the Rme weigbta "111"', the two methode have the I&m.e
expected. residual bi... (AD ezception i. the OGaMional cue of adj11ltment from

initial random sample3 of equal si.. "a = "'. = tI, where we find ""I" 0 in one or
more subclUle8, Il() that subc1ulet have to be co1Dbined to lOme extent for applica
tion of the 'adjustment by eubclUlifioation' method.)

:With certain genuinely qualitative claeeificationa it m&y be reaaon..ble to
aMUme that any two memben of the ame .ubclaa are identio&l as regards the effeot
of thie z on y. In tbie event. both matchiDg and adjuatm8nt remove tJl the biaa
due to z. there being no within~l... biat. But many qualitative variable. like socio
economic ItatUII, degree ofagp..iveneea (mild, moderate. severe). repreaent an ordered
clusification of an underlying continuous variable % which at pnsent we are unable
to measure accurately. Two ID81Ilben of the .me IUbc!.. do not have iden~
valua of z in thil eftllt. For SUCh CMeI; and lor a variable Uke age, W6~ t·h.
model

... (4..l.1)

the regJeUion of y on % being the ..me in both population., with 1'1-1, not depending
On the value of %.

From (•.1.1) the pereent reduction in the biM oly due to adjultment by eub
clusi6cation of u equa. the percent reduction in the biM of te. If .Cz) - z. tm. aim
equala the percent nduetion in the bial of %. If 1&(%) ia a monotoDe function of z~ ..
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On .ubtractiDg (•. 1.5) fmm (•. J.8). tM espeetecl pIOpGI'tiuGal miuetion in biu l'
approzimately

•meuured at 8 - 0, where ,,(8) = ,. - E PA8",1(8).
. 1-&

In particular, if /.(%) = /(.)./.<z) - J(.- 8). the two diatributiODB differing

only in their moUl. we haft ~ = 1 .-d

., .,...
PICe) - I ~-e),. = J /C.) -

·~I ·~I-·

¥) -J(a,...J-/(-,)

at 8 - O. From (•.1,7), the propcatiuuat nducttOD in biM beeom•

•
E "'0Xlt~_I)-J(~)].

N

If I(z) is ~e ,w:ait normal di*i'btltioe, (•.1.8)~

..• ('.1.8)

.. , (4.1.9)

rex the proportioD&1 reductioD in biu. Bqw nho (•.1.9) baa been studied iQ other
problema by J. Ogawa (1961) &Ad by D. R. (l)z (191'1). e- ehowed that it ia 1 minus
the ratio of the average withiD~ TU'iaDae to the oriIiDal variaDoe of % when % ia

normal. For our purpoee, their calCt1latioaa provide (i) the optimum choioee of the
Pd , (ii) the resulting ma&imWll perceIl$ reductiona in biM, aad (iii) the paooent reduc
tiona in biu with equ&1-eized c....PlJ - lie. For c - 2-10. the muimum peroent
reductiolUl are at moet about 2% higher than thoee {or equal P11. shown ~
Table '.2.1.

TABLa "'.1. PDCIDIT JUlDtTcrJOJr. IN sua WlTllI".QUAL-S1UD
CL.UI Dr POI'17LA'l"JOJf 1•• lfOlUfAL

I a , • • • 10

CWoulatiOIUl (CocluaD, 1881&) of the peroeot reducUoaa when % followa Xl
diatributionJ, e diatributiona ADd Bet& UtributioDe II118P't that the above figure.
can be U8ed &8 a rough guide to what to ezpect in pruiice when the oIumication rep
~D.ta an under1yizlg contill1lO1Ul z. To remoft 80%. 90% and 95% of the initial
biM, evidently 3, 6, and 10 oJ.- IIl'e required by this method.-



CII I~ f~ .!.,.~ ~ ~f ~ fl~ i~ 8. &[r~'J "'l &1' ..." , ... '1 Ii f J ~ i'

8~r~!f: ! ~i! t if' ~f JrJ;I!;: 8
I - - I liB f.. s 1lI'Q. "i ..... "I

III. !i ,': s..' ~ t~ R" ~ .. - L ,,,. , J.. f III 8 If. i . Q
.s.: A. J S. 5. lL"'- 0 .. e." .::
i) ~:~ i -I II i ll!" ~ )I ~ III ;r!-' ii f I~! l IrE
~J' .!! ;t ~, . ~ r i t .. g; S' li EI ',I f . 5· 5 I;' .. e
I"p~ ,I 111 ,1&: ~ (. s ~ ill f~j:.!'; f ~ . • h 1')1 ! ~
;P", ~ r1'· I! f r! ~,. r $ ~. " 1 st e:;. 'I ~ ,.' " ) I rJi err -= . tI I~ ~' . t I -." I' ...' .... . + 'I I ~ II.i: f!· " ", .: :'.' f #. r ' ,J! f ~ I·;; .._1' ','1", : '. lJ ' ,.!J! -, Ii' i ~. ! -css: :R,' • 2a . ~, Q Ii 1" tl i D 'f. f ..,~ I :.~:!- ~ ! 1.';'" I ! & ~ ~ ~ 1I ~'r 1f t (;' I g- i .. " ]! - I:" I ..;~R:I, f ,S; ,: Li,: t Iff· It i
(. .' , . ,J, I'! r:- :I,J! ~'f f:!·'· J! i f ~ ,.iJ ", 5 ~~ f.... f 1"]1 i ~

... t· . I: I i )I s: f' I ,~"" ' 1 '& "r Ii' II . ..,. '# . !.. I' t' It!8 I.,.' *,' ~....., l~·l;' ~ ,J
a ~"l. •.. s··· .. · ..~~~JI J i I r[ I ~

, I' 14
. ""( . ,:1' I'·' II "lt~-

~, "g . 8 . ~ 2."!p . r ... ( 'f . 1:. f it I ~
,~' 1.1".!t . ? 8 ft·: ..,., ', r I. So I f ~
-: !'~" ~ : f I Ie' I . , ; a. 8 . : . f -II. r I i

~ r:f :'" ~1" ..... f '. i ~ , I ". I ,
.. g i!.' ... i 1= : I: ..r: .' f.. i . .~: 1.' c-.I: l-

I t EI - J:II. - 'J '~ I - It f - 1"- I I J. EI'OI 01 CI. ClIl 01 •.;.. ....;..... :..';..
. . • .• 1:1. •.•• •• ".

,. ." 2 .J:.!! . ~ ~ ~ .~' i oS ... 2. f ~ ....::: 8 f .....



.,. (5.2.2)

SANKBYA,: THE lKDlAN JOUaNAL or STATISTICS: ::iUlES A

3.2. YOtl~liJ&t4rr.c~. A. in the wUvuiate oue, the l'egrelisiolll>

of y on Z l'Oay not be par&11el. AMume the objective i. to e.timate (, L - T!) CLv~r&~ed

Over lOme .t&nd&rd population with mean z nctor .... (e.g. ~ = 'Ill if P 1 i:> considered
the ltao.dard). From the multiYlriate venioD of (3.1.2), Mauming z a.re the only
confounding uriabln we haye

8"1'1-1,) = 1'1-.....+'J(~-'11)'-'I(~-'1')'. (5.2.1)

In random I&mp1el j.-i, baa ••peotation I't -/It aDd thai the initial bi&a is

-'.("'-'1.)' +J.(....-'lt)'.

U 'II = 'I•• thi8 initial biM beoom. '.('1.-'1,)'.

For random 1&IDp1ea or _mp_ .elected lO1ely on Z

B.(I,-i,) - ,tI)-~+~(~- ...)'-1I.(21-'I,)'

- &,(1,-1.)+_,(2.-",,,-,..(2,-....)'.

If ...... 'I" &Ild I&mple 1 ia a r&IldolD ample, the biM of ;,-9. wIt.('I,-E",(2.»' while
the initial biM ia ",('I,-'1tl'. By oompuUon with (5.1.3) and (6.1 .•) it follows that
when population 1 iI chaeen ... the It&Ddard the effect of dl&tchiog on biM reduction
ia the ...me whether the rep'elaiona aie p&r&1le1 or not.

No... conaider the repeuion eat1m&te. Sinoe (6.2.2) gives the conditiona.l
biM of ,,-g, it would eeem I'8&IOnable to _mate thil bi... using the ulIu...1 within
sample leut .quares ntimatel of 111 &Ild .. (and an estimate of'lt if necessary) and
formiDg the reareeaion -.djaated atlmaw

... (5.2.3)

which ill an unbiued estimate of B.(Tl-l"l) under the. linear regrea6ion model. If
'I. = 'a. ~nd the fint sample is random. thie estimate is the nlA.tural ~xtel1siun of the
univariate reeult,

If ... single liummu}' of the effect of the treatment is not o.dequate, one could
examine the estimated effect at varioUi valUe3 of;r: ueing (5.2.3) where 'fl, is replaced
by the values of z of interat.

6.3. ..V'C1JI,-liutJr ,.~. If, haa non-linear parallel regressions on x.
espreued by the function ,(02), the initial biM, E1(g(z))-E1(g(z)). depends on the higher

momenta of the diatributiOlll of z in Pl .nd PI (e.g. the covariance matrices J:1 snd
Zt if z il norUlI.1) u well .. the meaua. The large sample limit of the pooled regresaion

i.Ldjusted eetilD~te in randotn samples i.

El(g(;r:»-EI(g(Z»-('11-'l.>[~+~1-1C'
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UDder modell different frona the aboTe special cue, c!e&r<lut ....ultl appear
more difficult to obtain, and the perceat reduction in biu {Of regreuion &djultment
OC' IIl&tohiuc ia not DecelM&riJy between 0 &Del 100 perceDt even with "1 = 'I., X and
U uncorrelated, and all ue iDdepeadent.

If One knew z., one could Corm a "corrected" regraUon-adjuated oetimat.e
. that ia in large lIItmplle unbiaaed (or "1-TI' That i., UlUmiDg z and u are uncorre·

lated, fann

... (5.~.2)

"here •• ia the ~U&ll~ squ&reI Mtimate of the repeIIioIl of yon:le, i. i. the eeti

m"ted within croup c~vari&nOl niatrix of z and Zz = Z.-J:., In the .cial cue
when Z. - tI'Zz, the eltim..te eimplifl. to the~e of the univariate rMult if
~~~~ - ,,- .'

which i. unbiued {or "1-"" . ....... ... -
5.5. OM.". um/tnIfMlifllJ~. AIIume that y baa parallel regreuioI1l

on (2, e) in the population. but that matching and/or adjUitment is done on tb8 z
variablee alone. .AJ.O ....ume that :Ie and I: are the only confounding va.riablee. This
multivariate O&M ill very aimi1ar to the lmivuiate 0Il8 of Beotion 3.5 and the ·multi
variate an..lop of all the {onIIu'" ~ll... in U1 obvioua maDDer. The bMic result i8

that if c hM e. linear regretllion on :Ie, * 0&11 be deeompoeed into c. along :Ie and *0
orthogonal to z, and adjuatment on • iI alto adjutment on •• but doee not aff'eot c.-

6. SOME Mtrt.Tn'AllUn OZt'B1U.LIZATrOK801' UKIYAltIATB MATC8INO XET1IODI5

6.1. CfJlif't" makAi"!1. Thus far we bye not dilcuaed 1411 apeoifio multi
variate matching method,. The obvioUi exteneion of caliper matching i, to lOOk in
fetlefvOir 2 .. match for each %" Nch that IzW-~')1 < ct for k -= 1,2, ... ,1'. This

method. ill used in practiee, the difticulty being the 1&I'ge "ize of reservoir needed to
find matches.

The effect of thia method on 8 ..<91-9,) could be calculated from univariate
results if all ~ were independently distributed in PI (thil reatriotion will be relued
shortly). Thie £0110.. beoause .lection on zu from p. would not a{fect the other z
variab1el, &I1d 80 the percent reduction in tbe biu of the variate z'~t under this mothod

would be the same u that under the univ&ri&tAt cal1per matehing Iz\f-~) I < Ct,

From tbeIe , pereent reduotiona, the percent reduction in biM could be caloul..ted
for any y that 11 linear In the z. For example, with I' - 2, let B =- 0.5 and ~fai

= t Cor ZIti, while B - 0.26 and vf/oi = 2 for z'St. Then it <'1 = 0.~v'(D'f+a")/2 and

c. = O.8v'«(;f+lTI>i2, the reductions tor :rtu and zllt from Table 2.3.1 e.re about 96%
a.od 77%. Th"t for ZIU+z"l, {or ilWtanOl, is ..bout [(.96)(.6)+(.77)(.2l5)]{(,75) - 90%.

....
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C;.~. DiIc,;miJlG"t mcalcAi,.,. As a ftDaI eumple of multivariate matching
methods for \,"hich some of the preYioul univariate I'ftlIIts are applicable, auulDe the
transformation in (6.1.1) wiJI be ueed with B deftDed 80 that (.,-,.). a: (1,0, ... ,0).

Univariate '"~t('he~ are then obtained on ZCIt. the bed liDMr'liscriminant with reepect
to the J:, inner rroduct, ~ 8ujrgeated by Rubin (1910). X"(' with this method there
is no (mean) biu orthogonal to the di8crimiDaDt (i.e.B~Cj;J - E~c.,./c = 2, .... p);

hence, if the z are normal in p. (eo that zm and (sC", .... r"·) are independent). tho
percent reduction in bias for an, liDefor function of tile 2 equal, the percent redaction
in biu of ZCtl.

Tables 2.3.1, 2.5.1. 2.4.1, or •.2.1 can tbeu be aMd fA) calculate the peraent
reduction in bias for each zea••hen univariate eaUper. meaD, Deareet &va.i1able or cate
gorical matching is UMd on tbe diIoriminant. Ia ........ tAb_ ai/crt i.8 tbe ratio
of the ZIU variancel in p. &Ad p •• (_I-2i)Ei1 Z. Zi·("-2.)'f(~-~.)Zil(~a-~2)"
and B i8 the number of atandard deYiatioDl be".em the me&nI of zUl in p. and

PI' (21-21)ZiI (ZI-ZI)'f'V'Hf7l+C1I). Note that (or lllADy matching variabl_. tbiJI B
could be quite large even if the means of each matebJDg variable are moderately

similar in P 1 and Pz'

Dilcriminant matching hu several appealing propertiee ;

(1) it is eaay to control the Ur.ee of the final matched sampl" to be esact1:r
of aiu J&;

(2) if 2 ie approximately normal in PI the method -hould do a good job of
reducing bi.. of any OJ linear in ~. even (or a modeat re.ervoir; this {onows
from an e:lamination o( Tablee S.4.1 aDd 2.3.1 ;

(3) if Z ili appro¥irnately normal in both PI and PI with ~ ~ J:,. pair match
ing should do CIo good job of reducing the biM of any type of regression
\vhen the reservoir i~ larg8 n.nd/or when combined with regressjon adju.,t.
ment.

The third point follow8 from the fact that jf 2 iii normal in PI and Ps _ith J:1 == J:,.
orthogonal to the diacriminant the atribution. of the matching variables are identical
in P1 1L11d PI and unafffllted by the matching. Hence. for &I1Y1/. all bias ia due to the
ciifferent distributions of the d.WerianinaDt, and Tables 3.2.1·3.2.3 indicate that with
moderate r, matching and regre.ion adjUltmlll1t remove much of this biu; :1olso when
r-+ co the dietributiol1l of aU matchiac variablet will be tb. same in the matched
$Ampies if neareat available matching j" need and 2 i" normal \vit·h 2:1 - 1;.

In addition. if one ha.d to c.'hOOlle one linear' combinAtion of the ~ along which
;\ non-linear !J is changing ;oat rapidly, a.nd thus on 'Which to obtain ('1018 pair matche!'i.
the discriminant !l8ema reaeonable since the matching variables were presumably
('hosen not only beca\llle their diatributioll8 differ in P, and P s but also because they
are correlated with y.



CONTBOLLDIG B1A8 IN OB8ERVATION~8Tt1DIES : A REVIEW

Of OOIU'le, the ioia' .~but1o~ of mUCh.ng yariablel are not AIIW"8d to
bo limilar in the rutched .amp_, u they would be with pair m.toh. b.YiDg tilht

cAlipers or with a ... nUII\Mr of e&tI!Iori. Uling the methodl of Sections 0.1 or 8.2.
HOWfmll', the ability to tAd t,ipt pair matobel OIl ..1 matahilll yari&bll=l in • biPIJ
muliiV&ri&te eituatiou Me" dlIbiou even with moderately larp r. The illlp1ioationa
of th.. points require etudy.

In praatioe tbe dilcrim.iDuat. ie nnw Imown uaot'Jy. Howevw. I1ID1118try
arcumenta (Rubin. (9710) abow tbat under norlllAllty ill p•• m.tGlIiDI OD the I&IDple
b.-d d..iIorimiD&nt ,till yieldl the lame percent red.u~ in apecMd biaI (~ e&Oh ,z(t, ,

•.•. 0fM,:....., "......, 1.'h.e Me two kiDdI. of pro..... with t.he
precediuc matohinl methocll. JrIm, for thole lItU-in...n~ ..i' i. dtIloWt. to CODtrol
the lise of t.b8 8Dal ...mple of matoh.. TlaUl with tho _per ~ -teaoftca1 IILIthocW
Uttle ia bowu about the aoturJ L"IMl'YOir .. IIIMded to be OODBd-' of obtalniD& ..
ma.tdl for each IDeIIIM of tb8 Int tamp. altboaP loll U'lUlMIlt ...... that the
ratio of I m'N"oit to __pie .. for , ftl'i&.b1el U.cl. ill P, .... P,li roqIaly the,.th
poww of the ratio for ODe vtoriabl.. 'DIe .. of caliper matohiq to obtain mat.ob8cl
IIoIDpIII in .. pn.otiGaI problem i.I deIoribecl in~ and Rubin (11'JO).

Wbm UIIiDg mean aDd neared available matohiDl OIl the dlIc:rim.iD&Dt it it ..,.
to oomrol the .. llllltobed ....pie to ban ... ta. KG.... UIIiDc~t
malobiq. iDdi't'iciaM mawbed pain are .- __ oa. all n.n.b_ UIIl1 tbeJ rely 00.

epeaifto dilRributional unmptiom to inture that.tM ..... an weI1·matohed, even
.. r-+ao.

An altematln i. to t.ry to debe IDMahiDg mnhodl men aaalopII to the
tmivariMe ~t available ......... method ulinglOlBO de&Ution. of "c:Ultanoe"
between ~sJ &Del _II' We miaht chOOlO tb.e. match. by orde.rm& the aJJ in lOme way
(e.g. raadomly) &lid SheD '-igDiD8 ..... matab the DAl'Mt all .. de8Decl by lome mu1~·

variate dilianoe meuure. Saeh met.bodl win be 0IDed IlIU8Bt ..V&il&ble metric
maiohiDg methode.

A limpl.... of ...... ia defined by &a inJlel' pIOduot. matrix. D, 10 that the
diatNloe from ~ to zlI ·iI (fIIu-~II) ..D(zu-ar.,)'. Bather obvioWi cho.. for D are
Zi' or Zil )'ielctiDg the Mah·'UJObia (1917) dJltiIMlce between.zv aad ztI with reepect
to eit.b. inner pI'Oduct. If Zt oc Z. ami :It ia ~-. qatmetry impJiM tbat
eithel' ........NIObia~ )ieJd8 tbe _me peroent Nduotioa in hiM fOl' eaoh *'_•..
. KOII pMnny. UUpublilhed~ arpmtIlta (BabiD, 1D'11o) Ihow thI.,

for z 1pbarie&1 &Ud loll imMr product ~etrio, the -.me penea.t reductioo in biM i.1I ob
tAiDed folr -.c.b. ~It. it and onlyi£

(1) The P, covari&ruJe matriCel of a orthosoDal to the dieoriminaDte an

proporti~lIal: •

Z~ = Z~- ~ (~-~'('l-"") - 0 {z.-~ ("'a-'I)'(~I-'t)1
"'
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",here .sf =- the variance of discriminant in p. - (,.-,.)Zf1('1-'1.)'. (Note that this
implia the dilcrimiJlal1ta with respect to the p. and p. inner product. are
proportional).

(2) The inner product matrix D uMd for JJ1..tcbinl is proportio~ t4 [J:++
k('I1-,.)'('Ia-'1.n-1 with Ie ;, 0 (if Ie c: 0 or co, the invene ie .. generali&ed iDvene,
Rao, 1973).

The choice of Ie - co yielelt matching along the diecriminant, Ie _ 0 yields matching
in the space orthogonal to the diaoriminant, Ie - .11 yielelt matching uling the PI
Kabal.Dobie diatance and Ie = c.il yie1dl matching Uling the PI Vahalanobia diat6Dce.
Symmetry argument. al80 show that UDder normality and condition (I), uaing the
sample .timatee of 7:1- and (ttl-") gi.. the ......e peraent redaction in biM for
each zeaJ. .

There are of coune other ..aye to de6Ae diltance betneD Zu i.nd zwI. (or
eump1e by the MinkoWliki metrie

Nothing aeema to be known about the per!ormaue8 of .uch matching methoda.

A 6na1 clUl of methodl that hal not been uplond might be d8lCribed ...
sample metric matching. ThelimpJ_ example .ould be to miDirnize diat&nce between
the meaaa 2 1 and •• with reepeot to a metric. More intereetma and robut ag.mat
DOll-linearity would be to miDimise. m...ure of the cW!'erenae between the empirical
diltribution func:tions.

7.1. S_",1IIIIt'Y conuu"". Thia review of methode of controlling biaa in
obeervationaJ ItUdie8 hu conoentn.ted on the performance of linear regreaion adj':1't
rnenta and v&rioua matahing rnethodl in reducing the initial biaa of g due to diff'8l'eJlC88

in the diatribution of confounding nriablee, z, in two populatioDa; this aeemed to us
the moat important upec:t iJ1 obler:YatiOD&1 .•tadie.. We. have not conIidered the
eff'eota of the. teohDiques on inCI'8&IiDI preoition, .. becom. the focul of interest in
randomized experimenta.

If the z van.bl. are the oul)" coDioundiq vari&bI., linear regreemon adjult
Dl8Ilt OD l'Nldom aaznplee remoVM aU the initial hiu when the (y, z) relatioll! are

linear and parallel. With only one z ed panJle1 mOBOtomo ourved relationa of the
tJPe8 examined, linear adjUltment on random I&IDplM apiD remov. eeeenti..uy &u
the biae if <rf = oi and the diltributiolll of z are .ymmetric, but may perform very
erratioalJy ifaflai is not near I, or if the diatributioDa of z are &lymmetric.

Esoept in atum. ftbm put records, like the Cornen etudiea of the effectiveaeea
of ee.t belte in auto accidente (Kihlberg and Bobineon. lees) U1&tching must uluaUy be
performed heron g hal been meu~red. A drawback il the time IDd fruatDtion involved

~
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